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Abstract
For completely metrizable separable spaces X, the descriptive complexity of the relation of being
in the same path-component of X is discussed.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
We shall consider only separable metrizable spaces. A path-component of a point p in a
space X consists of p and the points which can be joined with p by an arc in X.
The path-components in complete spaces are analytic, but there are compact sets in R3
with all path-components non-Borel, cf. Le Donne [2] and Becker [1].
Becker [1] proved also the following theorem, where the theta-curve is the union of a
simple closed curve and an arc whose end points, but no other points, lie on the curve, cf.
[6, §52.IV].
Theorem 1.1 (Becker). Let X be a compact space that contains no theta-curves. Then the
relation of being in the same path-component of X is a Borel set in X×X.
The proof in [1] was based on the effective descriptive set theory and our main objective
is to prove this fact in the “classical” realm. The main idea of the proof follows [1]: the
non-occurrence of theta-curves in X limits the complexity of the set of arcs with fixed end
points and makes possible to indicate certain “minimal” paths joining the points. In [1], the
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minimal arcs were “effectively defined” and the Kleene theorem on restricted quantifiers
was called on to show that the equivalence relation is Borel. In the present setting, we shall
deal with compact sets of minimal paths with fixed end points, considered in the space
of arcs, and the Arsenin–Kunugui theorem on the projection of Borel sets with compact
sections will be applied.
In effect, we shall obtain the following:
Theorem 1.2. Let X be a completely metrizable separable space such that any simple
closed curve in X intersects in at least two points only finitely many simple closed curves
in X. Then the relation of being in the same path-component of X is Borel in X×X.
The reader interested only in a direct “classical” proof of Theorem 1.1 may skip
Section 3, containing observations (of elementary character) about nets formed by simple
closed curves, needed in a more general situation.
The last section is devoted to a discussion of path-components of plane sets which
simplifies and complements some of the results from [1] on that topic.
2. The spaces of arcs and simple closed curves
Let X be a separable complete metric space. We shall denote by K(X) the space of
compact sets in X, considered with the Hausdorff metric [6, §42, II]; the space K(X) is
separable and complete.
Let A(X) and S(X) be the subspaces of K(X) consisting respectively of all arcs or all
simple closed curves in X. Then
A(X) and S(X) are Borel sets in K(X). (1)
Indeed, Peano continua in X form an Fσδ-set P in K(X) [5]. Let E be the unit interval I
or the unit circle S, and let GE be the collection of all non one-point continua in X which
admit for any ε > 0 a continuous map onto E with fibers of diameter < ε. Then GE is a
Gδ-set. This becomes clear if one recalls that K ∈ GE if and only if K has open covers
with arbitrarily small mesh and the nerve homeomorphic to E, cf. [6, §28, V, VI and §48,
X]. Let us notice also that no K ∈ GE contains a simple triod, i.e., a topological copy of
the letter T .
Let K ∈ GE ∩ P . If K contains a simple closed curve, K coincides with the curve, as
there is no simple triod in K . Otherwise, K is a dendrite, cf. [6, §51, VI]. But the dendrite
K without any simple triod has two end points and it is the arc joining the points, cf. [6,
§51, Theorems 6 and 7, p. 302].
It follows that A(X)=P ∩ GI and S(X)=P ∩ GS , which justifies (1).
Let ∂J be the set of end points of the arc J . Let us check that the map
∂ :A(X)→K(X) is Borel. (2)
To this end, let us consider the set H of all quadruples
(J,p,K,L) ∈A(X)×X×K(X)×K(X),
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where
p ∈K ∩L,K and L are continua in J,K \L = ∅ = L \K. (3)
The set H is Borel and the section of H at (J,p) is σ -compact, being the set of pairs of
uncomparable subarcs of J containing p. By Arsenin–Kunugui theorem [4, 18.18], the
projection of H parallel to K(X)×K(X) is Borel, and so is the set
E =A(X)×X \ proj(H).
The section E(J ) of E at J consists of points p in J for which there are no continua K,L
satisfying (3), i.e., the end points of J . Since the map ∂ associates to an arc J the section
E(J ), (2) follows from Lusin–Novikov theorem [4, 18.10].
We shall close this section with the following remark.
Let X be a space and let A be a path-component in X containing no simple triods. Then
either A is a simple closed curve or any two arcs in A with at least two points in common
intersect in an arc, each end point of which is an end point of one of these arcs. It follows
that A is a continuous injective image of a real interval (open, half-open, or closed); cf. [6,
§24, VII–X] and [3, Theorem 3.2].
3. Nets formed by finite collections of simple closed curves
In this section X is a fixed space with the property that any simple closed curve in X
intersects in at least two points only finitely many simple closed curves in X. We shall need
several observations concerning the unions of simple closed curves in X hitting a fixed
simple closed curve in at least two points. The topic is related to the cyclic elements theory
[6, §52]. However, the facts we shall need are elementary, and for readers convenience,
some explanation will be given.
We shall introduce the following notation, where A(X) and S(X) are the spaces of arcs
and simple closed curves in X, defined in Section 2:
M(C)=
⋃{
D ∈ S(X): |D ∩C| 2}, C ∈ S(X), (4)
M= {M(C): C ∈ S(X)}, (5)
M(J )= {M ∈M: |M ∩ J | 2}, J ∈A(X). (6)
Let us check that the following facts hold true:
if M ∈M, J ∈A(X) and ∂J ⊂M, then J ⊂M, (7)
∂J being the set of end points of J (i.e., the elements of M are completely arcwise
connected, cf. [6, §52, I]);
if D ⊂M(C), C,D ∈ S(X), then M(C)=M(D); (8)
if M1,M2 ∈M and |M1 ∩M2| 2, then M1 =M2; (9)
any M ∈M is a union of arcs with pairwise disjoint interiors,
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each being a subarc of a simple closed curve in M; (10)
if J,K ∈A(X) and ∂J = ∂K, thenM(J )=M(K); (11)
and finally
if M1,M2 ∈M(J ) are distinct,
then M1 ∩M2 ⊂ ∂(M1 ∩ J )∩ ∂(M2 ∩ J ), (12)
for any arc J ∈A(X).
To begin with, let us fix C ∈ S(X), and let A⊃ C be the union of some D ∈ S(X) with
|D ∩C| 2.
Claim A. For any J ∈A(X) with J ∩A= ∂J there is an arc K ⊂A with ∂J = ∂K such
that the simple closed curve J ∪K intersects C in at least two points.
Indeed, let ∂J = {d1, d2}. If ∂J ⊂ C, the assertion is evident. Let d1 /∈ C. Since d1
belongs to a simple closed curve in A that hits C at least twice, there is an arc E1 ⊂A such
that d1 ∈E1 and E1 ∩C = ∂E1. If d2 ∈ C, the union E1 ∪C contains the required arc K .
If not, let us consider an arc E2 in A with E2 ∩C = ∂E2, containing d2. One of the arcs in
E2 joining D2 with C misses d1, and let F be the subarc of this arc with ∂F = {d2, c}, c
being the only point in F ∩ (E1 ∪C). Then E1 ∪ F ∪C contains the required arc K .
Claim B. Let A be as in Claim A, J ∈A(X), ∂J ⊂ A. Then J \A is a finite union of the
interiors of subarcs L of J contiguous to A, i.e., L∩A= ∂L.
Indeed, by Claim A, each arc L⊂ J contiguous to A is a part of a simple closed curve
hitting C at least twice, so there can be only finitely many such arcs.
With Claims A and B established, (7) and (10) become transparent.
To check (8), let us consider C,D ∈ S(X) with D ⊂M(C). Then M(D) ⊂M(C), by
(7). If we check that C ⊂M(D), we shall get also M(C)⊂M(D), by the symmetry. To
this end, choose for each d ∈D a simple closed curve Ed with d ∈ Ed and |Ed ∩C| 2.
By the already verified (10), there is a three-element (in fact—infinite) set H ⊂ D with
Ed =E for all d ∈H . If |C ∩D| 2, obviously C ⊂M(D). Otherwise, E = C and since
|E ∩ C|  2, there is an arc K in C such that K ∩ E = ∂K . Let L ⊂ E be an arc with
∂L= ∂K and |L ∩H | 2. We obtained a simple closed curve K ∪ L hitting D at least
twice, so K ∪L⊂M(D). Then (7) applied to the arc (C \K)∪ ∂K yields C ⊂M(D).
Now, we get instantly (9). For, if a, b ∈M1 ∩M2, a = b, and J is an arc in M1 with
∂J = {a, b}, then J ⊂M2, by (7). By (10), some simple closed curve C in M1 hits J at
least twice, so again by (7), C ⊂M1 ∩M2. By (8), Mi =M(C), i = 1,2.
It remains to justify (11) and (12). Let J,K be arcs with the same end points and let
M ∈M(J ), cf. (6). By (7), the minimal subarc L of J containing M ∩ J is contained in
M . Suppose that there is d ∈ L \K , let T be the arc in J containing d contiguous to K ,
and let S be the arc in K joining the end points of T . Then M ∩ (S ∪ T ) contains an arc
and hence the simple closed curve S ∪ T is contained in M , by (7). Therefore, in this case
|M ∩K| 2, but this is also true if L⊂K . Hence, in any case, M ∈M(K).
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To get (12), suppose that a ∈ (M1 ∩M2) \ J and let Ti be an arc in Mi from a to
bi ∈ Mi ∩ J , Ti ∩ J = {bi}. Let T0 be the arc in J with end points b1, b2. The simple
closed curve T = T0 ∪T1 ∪T2 (cf. (9)) has an arc in common with every Mi , and therefore
T ⊂M1 ∩M2, which contradicts (8). It follows that M1 ∩M2 ⊂ J and by (7) and (9), we
get (12).
4. Proof of Theorem 1.2
Our reasoning will be based on the Arsenin–Kunugui Theorem that the image of an
absolutely Borel set under a Borel map with σ -compact fibers is absolutely Borel (in fact,
until the final part of the proof we shall deal with finite-to-one, or countable-to-one maps,
and at the end a map with compact fibers will be considered). A comprehensive treatment
of the topic can be found in [4, 35.46, 18.14, 18.10, 28.8].
Let X satisfy the assumptions of Theorem 1.2; diamA stands for the diameter of a set
A⊂X.
We shall use the notation introduced in Sections 2 and 3. To begin with, let us check
Claim A. The collection M defined in (5) is Borel in the hyperspace K(X).
Notice that if X contains no theta-curves,M is just the collection S(X) of simple closed
curves in X, cf. (1). In general, let us consider
N = {(C,D) ∈ S(X)× S(X): |C ∩D|  2}.
The set N is Borel and the assumptions about X guarantee that each section N (C) =
{D: (C,D) ∈ N } is finite. Therefore the map C → N (C) from S(X) to the double
hyperspaceK(K(X)) is Borel, cf. [4, 18.10], and so is the composition of the map with the
union map, C→⋃N (C)=M(C), cf. (4), [6, §43, I].
Moreover, by (10), for any M ∈M there are only finitely many C ∈ S(X) with
M =M(C), and henceM is the image of S(X) under the Borel finite-to-one map. Claim A
is therefore established.
Following [1], for any pair of points p,q in the same path-component of X, we shall
distinguish arcs from p to q with some “minimality” properties with respect to M (recall
that if X contains no theta-curves,M is the collection of simple closed curves in X).
Given an arc J ∈ A(X), we shall consider the collection M(J ) of elements of M
intersecting J in at least two points, cf. (6). Let us recall, cf. (7), (9), (12), that for
any M ∈M(J ), J ∩M is an arc, and that distinct M ∈M(J ) determine arcs J ∩M
with pairwise disjoint interiors. In particular, for any ε > 0, there are only finitely many
M ∈M(J ) with diam(J ∩M) ε.
Let us recall also that, by (11),
M(J )=M(K), whenever ∂J = ∂K. (13)
Let us fix now two points p,q in the same path-component of X. We shall call an arc J
from p to q minimal, if
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diam(J ∩M) diamA for any M ∈M(J ), and
A ∈A(X) with A⊂M,∂A= ∂(J ∩M). (14)
Let
Ep,q =
{
J ∈A(X): J is a minimal arc from p to q}.
We shall show that
Ep,q = ∅ and Ep,q is compact. (15)
To find a minimal arc from p to q , we start from an arbitrary arc J with end points p,q ,
and for each M ∈M(J ), we choose an arc KM in M joining the end points of J ∩M , with
the minimal possible diameter, cf. (10). Then
K =
(
J \
⋃{
J ∩M: M ∈M(J )}
)
∪
⋃{
KM : M ∈M(J )
} (16)
is an arc from p to q , as diamKM  diam(J ∩M). For each M ∈M(J ), ∂(K ∩M) =
∂(J ∩M), and the minimality of K follows from (13), cf. (14). This shows Ep,q = ∅. To
check the other part of (15), let us fix an arc J ∈ Ep,q , and let for M ∈M(J ),
KM =
{
A ∈A(X): A⊂M, ∂A= ∂(J ∩M), diamA= diam(J ∩M)}. (17)
By (10), the sets KM are finite and formula (16) defines a continuous surjection of the
compact product space
∏{KM : M ∈M(J )} onto Ep,q .
Let us check now that the set
E = {J ∈A(X): J is a minimal arc joining its end points} is Borel. (18)
To this end, let us consider the set
H= {(J,M,A): J,A ∈A(X), M ∈M, A⊂M,
∂(J ∩M)= ∂A, diamA< diam(J ∩M)}.
The setH is Borel. This follows from Claim A, (1) and (2). For any arc J , if (J,M,A) ∈H
thenM ∈M(J ) andA is an arc in M joining the end points of J ∩M . Therefore the section
of H at J is countable, cf. (10). It follows that the projection proj(H) onto the first axis is
Borel, and since E =A(X) \ proj(H), the proof of (18) is completed.
We can now conclude the proof of Theorem 1.2 easily. The set
∂(E)= {∂J : J ∈ E}
is the image of the Borel set E under the Borel map ∂ :E→ K(X), cf. (2), with compact
fibers Ep,q , (15), and hence it is Borel, by the Arsenin–Kunugui theorem. If p and q are in
the same path-component of X, Ep,q = ∅, (15), which means that {p,q} ∈ ∂(E). Therefore
the relation of being in the same path-component of X can be written as the union
{
(p, q) ∈X×X: {p,q} ∈ ∂(E)}∪ {(p,p): p ∈X}. (19)
But the first set in the union (19) is the preimage of the Borel set ∂(E) under the Borel map
(p, q)→{p,q}, hence the union is Borel, and the proof is completed. ✷
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5. Path-components of plane sets
A general construction of Becker [1] shows that there exists a compact set in R3 all
whose path-components are Borel, but the relation of being in the same path-component is
not Borel, cf. [4, 27.D]. This phenomenon can not occur in the plane.
Proposition 5.1. For a Gδ-set X in R2, the following conditions are equivalent:
(i) all path-components in X are Borel,
(ii) the relation of being in the same path-component of X is a Borel set in X×X.
Before passing to a proof, we shall make some simple observations.
Remark 5.2.
(A) Let X ⊂R2 be a Gδ-set. Since the path-components of X are analytic, if X has only
countably many path-components, all of them must be Borel, by Souslin theorem.
(B) Since, by a classical theorem of Moore [7], each collection of pairwise disjoint
simple triods in the plane is countable, (A) and the remark at the end of Section 2
show that any Gδ-set X in R2 has a Borel path-component.
Proof of Proposition 5.1. Let X be a Gδ-set in R2, and let T be a maximal collection of
pairwise disjoint simple triods in X. Then T is countable, cf. Remark 5.2(B), and hence
Y =X \
⋃
T is a Gδ-set.
Let A1,A2, . . . be the path-components of X intersecting any simple triod from T .
We shall use the notation from Section 2, in particular A(Y ) is the space of arcs in Y
and ∂J is the set of end points of J ∈A(Y ).
Let us verify that
E = {(p, q) ∈ Y × Y : {p,q} = ∂J for some J ∈A(Y )} is Borel. (20)
Indeed, for any pair of points p,q ∈ Y , there exist at most two arcs in Y joining p and q , cf.
the remark at the end of Section 2. Therefore, the fibers of the Borel map ∂ :A(Y )→K(Y ),
cf. (2), are at most two-element, the set {∂J : J ∈A(Y )} is Borel, cf. [4, 18.10, 18.14], and
so is the preimage of this set under the Borel map (p, q)→{p,q}, i.e., the set E.
Let p ≈ q means that p and q are in the same path-component of X,
R = {(p, q): p ≈ q}⊂X×X,
∆= {(p,p): p ∈X}, S =
∞⋃
i=1
Ai ×Ai.
Then
R =∆∪ S ∪ (E \ S). (21)
Now, it becomes transparent, by (20) and (21), that R is Borel if and only if all path-
components Ai are Borel. ✷
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Remark 5.3. The proof of Proposition 5.1 yields also a more direct justification of the
following theorem of Becker [1]:
Theorem. Assume the axiom (ε): any uncountable coanalytic set contains a Cantor set.
Then for any Gδ-set X in R2 with uncountably many path-components, there exists a
Cantor set in X intersecting each path-component in at most one point.
To this end, let us adopt the notation introduced in the proof of Proposition 5.1, and let
Z = Y \
∞⋃
i=1
Ai.
The relation of being in the same path-component of Y , i.e., the set E ∪ {(p,p): p ∈ Y }
is Borel, cf. (20), and Z is a coanalytic set saturated with respect to this relation. Applying
a theorem of Stern [8], [1, Theorem 5.1] (where (ε) is assumed) we infer that there is a
Cantor set C ⊂ Z intersecting the equivalence classes in at most one point. Since any arc
in X intersecting Z is contained in Z, the path-components of any p ∈ Z are the same with
respect to X and Y . Therefore, C is the required Cantor set.
We do not know of any Gδ-set in the plane with a non-Borel path-component.
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